Data Structures

Lecture 3 - Recursion

What |s Recursion?

» Recursion - defining the solution of a
problem in terms of itself except for one or
more primitive cases.




|s Factorial Recursive?

» Thefactoria function is defined as:
n=n-(n1-(n2)..-1
or

~ N

n!=Q i

e The recursve definition is:
n=n(n1)! forn>0
n=1 forn=0

Factorial function

* We can write afactorial function:
float factorial (int n)

{
fl oat prod;
i nt n;
X = n;
prod = 1,
while (x '=0)

prod *= x--;
return(prod);




Factorial Function (continued)

* Thisisiterative; it performs a calculation
until a certain condition is met.

* By recursion:

(1) 51=5e4 (5)l'=1+0=1s1=1
(24 =4 + 3 @)21=2e11=2e1=2
(3)3 =32 (3)31=3+21=3+2=6
A2 =2e1 (2)4l =4+31 =4 4=24
(5) L =10 ()5l =541 =54 24=120
(6)0 @1

Other Examples of Recursion

e Multiplication - a*b
asb=as(b-D+a ifb>1
a*l=a ifb=1

e Fibonacci Numbers- 0,1,1,2,3,5,8,
13,21, ...
Fib(n) = Fib(n-1) + Fib(n-2) ifn>1
Fib(n) =n ifn=1,n=0
Thisisdoubly recursive = 2 recursive call in the
definition




Binary Search

* A binary searchisafairly quick way to search for
datain a presorted data, sorted by key.

» Algorithm

Initialize low and high
If low > high THEN binsrch=0

ELSE BEGIN

mid = (low + high) / 2
IFx =gmid] THEN binsrch = mid
ELSE IF x < amid]

END

THEN search from low to mid-1
EL SE search from mid+1 to high

Binary Search (continued)

» Given numbers stored in an array sorted in
ascending order, search for 25:

Xl

Each pass:

Pass # Low High Mid
1 1 10 5
2 6 10 8
3 9 10 9

Found it!




Tracing the Recursive Factorial

» Writing arecursive factorial function:

float fact(int n)

{

i nt X;

float vy;

if (n==0)
return(l);

X =n -1,

y = fact(x);
return(n*y);

Tracing Recursive Factorial (continued)

Let'strace cout << fact(4);
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Recursive Multiplication

» We can also write a recursive multiplication function:
i nt mult(int a, int b)
{
if (b ==1)
return(a);
return(mult(a, b-1) + a);

or
i nt mult(int a, int b)

{

return(b == 1? a : mult(a, b-1) + a);

}

Rewriting f act

 We can rewrite fact as

f | oat fact(int n)
{

return(n == 0? 1 : n * fact(n-1));
}

» What about fact(-1)? We want to catch the error
and our current function does not.




Rewriting f act (continued)

float fact(int n)

{
int X;
if (n < 0){
cerr << “Negative paraneter in”
<< “ factorial function\n”;
exit(l);
}
return ((n ==0)?1: n* fact(n-1));
}
Writing the Fibonacci Function
e F,=F . 1+F. forn>1

« F,=0 ; F,=1
i nt fib(int n)
{

i nt X, VY;

if (n>=1)

return(n);

fib(n-1);
y = fib(n-2)

X

return(x + vy);




Tracing Recursive Fibonacci (continued)

Let'strace cout << fib(6);
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Writing the Binary Search

» Weinvoke the binary search by writing:
i = binsrch(a, x);

It will check the array afor an integer x.

/'l binsrch() - The cl assic binary search algorithm
I witten recursively. It requires

Il that the array, search key and bounds
I of the subarray being searched be

I passed as paraneters.

int binsrch(int a[], int x, int low, int high)
{

int m d;




if (low > high)
return(-1); /1 Not in the array
md = (low + high)/2;
return((x == a[md])? md :
(x <a[md])?

/'l Check the | ower half
bi nsrch(a, x, low, nid-1):
/] Check the upper half
bi nsrch(a, x, md+1, high));

Revising the Binary Search

 Passing aand x should not be necessary
since they do change from one recursive
call to the next. Let’s make them global:
int aJArraySize];
int Xx;
and it’s called by
I = binsrch(0, n-1);




Revised Binary Search

i nt bi nsrch(int low, int high)

{
i nt m d;
if (low > high)
return(-1); /1 Not in the array
md = (low + high)/2;
return((x == a[md])? md :
(x <a[md])?
/I Check the | ower half
bi nsrch(low, md-1):
/[ Check the upper half
bi nsrch(m d+1, high));
}

Recursive Chains

» A recursive function does not have to call
itself directly; it can call another function
which in turn called the first function:

. a(.) b(.)
{ {
b(.); a(.);
} }

 Thisiscaled arecursive chain.




Recursive Definition of Algebraic Expression

» Anexample of arecursive chain might be an
algebraic expression where:
— Anexpression is aterm followed by aplus sign
followed by term or asingle term.

— A termis afactor followed by a asterisk followed by
factor or asingle factor.

— A factor is either aletter or an expression enclosed in
parentheses.

The expr Program

#i ncl ude <i ostream h>
#i ncl ude <string. h>
#i ncl ude <ctype. h>

enum bool ean {fal se, true};
const int MaxStringSi ze = 100;

i nt getsynb(char str[], int length, int &pos);
void readstr(char *instring, int & nlength);
i nt expr(char str[], int length, int &pos);
i nt term(char str[], int length, int &pos);

i nt factor(char str[], int length, int &pos);




[/ main() - This programallows a user to test whether

11
11
11
i nt

{

an expression is valid or invalid. Al
vari abl es and constants are restricted to
one character.

mai n(voi d)

char str[ MaxStringSi ze];
i nt | ength, pos;

readstr(str, length);
pos = O;

if (expr(str, length, pos) & pos >= |ength)

cout << "Valid expression" << endl;
el se

cout << "lInvalid expression" << endl
/1 The condition can fail for one (or both) of two
/1 reason. If expr(str, length, pos) == fal se
/1 then there is no valid expression beginning at
/1 pos. If pos < length there may be a valid
/| expression starting at pos but it does occupy
/] the entire string.

return(0);




Il expr() - Returns true if str is a valid expression
I Returns false is str is not
int expr(char str[], int length, int &pos)
{
/1 Look for a term
if (tern(str, length, pos) == false)

return(fal se);

/1 We have found a term— now | ook at the

I next synbol

if (getsynb(str, length, pos) !="+") {
/1 We have found the | ongest expression
/1 (a single term. Reposition pos so it
I/l refers to the last position of the
/1 expression
- - pos;
return(true)

}

// At this point, we have found a termand a

/1 plus sign. W nust |ooj for another term

return(tern(str, length, pos));




Il term() - Returns true if str is a valid term

/1
i nt

{

Returns false is str is not

term(char str[], int length, int &pos)

if (factor(str, length, pos) == fal se)

return(fal se);

if (getsynb(str, length, pos) !="'*") {
- - pos;
return(true)
}

return(factor(str, length, pos));

/1 factor() - Returns true if str is a valid factor

/1
i nt

{

Returns false is str is not

factor(char str[], int length, int &pos)

if ((c = getsynmb(str, length, pos)) !'="(")
/1 The factor is not inside parentheses

return(isal pha(c));

/1 Exami ne parenthetic terns
return(expr(str, length, pos)

&& getsynb(str, length, pos) ==

"))




//getsynb() - Returns the next character in the string str
i nt getsynmb(char str[], int length, int &pos)
{
char c
if (pos < length)
c = str[pos];
el se
/1 Beyond the end of the line of text
c=""
pos++;

return(c);

//readstr() - Reads a line of text that is assuned to be
I an expressi on
void readstr(char *instring, int & nlength)
{
cin >>instring;

inlength = strlen(instring);




Towers of Hanoi

The Tower of Hanoi gives us an example of a problem that
can only be solved by recursion:

1. Three pegs with n disks - the smallest disk is on top and
the largest is on the bottom.

2. A disk cannot beplaced on top of asmaller disk
3. Only one disk can be moved at atime.

The solution is:

1. Assume n-1 disks are moved onto the auxiliary disk
2. Move bottom disk to destination peg.

3. Move n1 disksto destination peg.

4. If n=1, move the only disk to the destination peg.

Example - Towers of Hanoi For 3 Disks

A& L L
- A L
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Towers of Hanoi Program

#i ncl ude <ji ostream h>

void towers (int n, char fronpeg, char topeg,
auxpeg) ;

/1 main() - Adriver for the towers function
i nt mai n(voi d)

{

i nt n;

cout << "How many di sks on the Towers of”

Hanoi  ?";
cin > n;
towers(n, 'A", 'C, 'B);
return(0);

char




/1l towers() - A recursive solution to the Tower of

/1 Hanoi Probl em
void towers (int n, char fronpeg, char topeg,
char auxpeg)
{
/1 1f only one disk, nmake the nbve and return
if (n==1) {
cout << "Move disk 1 frompeg ”
<< fronpeg << " to peg”
<< topeg << endl
return;
}

/1 Move top n-1 disks

11

towers(n-1,

auxiliary
fronmpeg,

auxpeg,

fromA to B using C as

topeg) ;

/1 Move renaining disk fromAto C

cout << "Move disk "

/! Move n-1 disks

11

towers(n-1,

<< fronpeg <<
<< endl;

auxiliary
auxpeg,

<< n <<

t opeg,

frompeg ”

to peg " << topeg

fromB to CB using A as

fronpeg) ;




Simulating Recursion

» Being able to simulate recursion is important
because:

— Many programming languages do not
implement it, .e.g., FORTRAN, COBOL,
assembler, etc.

— It teaches us the implementation of recursions
and its pitfals.

— Recursion is often more expensive
computationally than we find we can afford.

e |n order to smulate recursion, we must understand
how function cals and function returns work.

Calling afunction

Calling afunction consists of 3 actions:
— Passing arguments (or parameters)
A copy of the parameter is made locally within the

function and any changes to the parameter are made to
the local copy.

— Allocating and initializing local variables
These local variables include those declared directly in

the functions and any temporary variables that must
be created during execution e.,g., if we add

X +y + z,weneedaplaceto storex + y
temporarily.
— Transferring control to the function

Save the return address and transfer control to the
function




Returning From a Function Call

Returning from a function call consists of the
following steps:

— The return address is retrieved and saved in a
safe place (i.e., outside the function' s data
areq).

— The function' s data area is freed.

— The function returns control by branching to
the return address.

Returning From a Function Call
main program  procedureb  procedurec  procedured

Return address /Return address Return address
/ call proc. d ,/

cal proc. c| / \

\
Control

cal proc.‘g

main program  procedureb  procedure c

Return address /Raurn address

/ cal proc. d

\

Control

call proc.b|. call proc. ¢




Implementing Recursive Functions

typedef struct {
i nt par am
i nt X;

long v,

short retaddr;

} dataarea

class stack {
public:
bool ean
dat aar ea
voi d
dat aar ea

bool ean
bef ore poppi ng

enmpt y(voi d)

pop(void);

push(dat aarea x);

st ackt op(voi d);
popandt est (dat aarea &x); /I Tests

bool ean pushandt est (dataarea x); stack(void);
[/ Defaul t constructor

stack(dataarea x); [//lnit. constructor

private:
i nt

dat aar ea

top;
i ten] StackSi ze] ;




i nt

Si nf act function
sinfact(int n)

dat aar ea currarea
stack S;

short i

| ong result;

/[l Initialize a dummy data area
currarea. param = 0;

currarea.x = 0;

currarea.y = 0;

currarea.retaddr = 0;

/'l Push the data data area onto the stack

s. push(currarea);

[/l Set the paranmetetr and the return address
/1 of the current data area to their proper
/'l val ues

currarea. param = n;

currarea.retaddr = 1;




/1 This is the beginning of the sinulated

/1 factorial routine
start:
if (currarea.param == 0) {

[l Simulation of return(1)
result = 1;
i = currarea.retaddr;
currarea = s.pop();
switch(i) {
case 1: goto | abel 1;

case 2: goto | abel 2;

currarea.x = currarea.param- 1;

/1 Simulation of recursive call to fact
s. push(currarea);

currarea. param = currarea. x;
currarea.retaddr = 2

goto start;

/1l This is the point to which we return from
/1 the recursive call.

/]l Set currarea.y to the returned val ue




| abel 2:
currarea.y = result;
/1 Simulation of return(n*y);
result = currarea.param* currarea.y;
i = currarea.retaddr;
currarea = s.pop();
switch(i) {
case 1: goto | abel 1;

case 2: goto |abel 2;

/1At this point we return to the main routine
| abel 1:

return(result);




Improving si nf act

Do we need to stack all the local variables
in this routine?

—n changes and is used again after returning from
arecursive cal.

— X isnever used again after the recursive call
— Yy isnot used until after we return.

— We can avoid saving the return address if we
use stack underflow as a criterion for exiting
the routine.

si nfact with alimited stack
i nt sinfact(int n)

stack s; /l's stacks only the current
[l paraneter

short und;

long result, vy;

int currparam X;

/1l Set the paranmeter and the return address
/1 of the current data area to their proper
/'l val ues

currparam = n;




/1 This is the beginning of the sinulated

I/ factorial routine
start:
if (currparam == 0) {

[l Simulation of return(1)
result = 1;
und = s. popandtest (currparam;
switch(und) {
case true: goto | abel 1;
case false: goto |abel 2;

}

/1l currparam!= 0

X = currparam - 1;

/1Simulation of recursive call to fact
s. push(currparam;

currparam = X;

goto start;

/1l This is the point to which we return from
/1 the recursive call.
/1 Set y to the returned val ue
| abel 2:
y = result;
/1 Simulation of return(n*y);
result = currparam* vy;
und = s. popandtest (currparam;
switch(und) {

case true: goto | abel 1;

case fal se: goto | abel 2;

}

/I At this point we return to the nmain

routine

| abel 1:
return(result);




Eliminating got os

» Goto isabad programming form because it
obscures the meaning and intent of the
algorithm.

» Wewill combine the two referencesto
popandt est andswi t ch(und) into
one.

i nt

si nf act withonesw t ch
sinfact (int n)

stack s;
short und;

long v;
i nt X;

X = n;
/1 This is the beginning of the simnulated
/1 factorial routine
start:
if (x == 0)

y = 1
el se {

S. push(x--);

goto start;




| abel 1:
und=s. popandt est (X) ;

if (und == true)
return(y);

| abel 2:

y *= X

goto | abel 1;

Eliminating the got os

» We recognize that there arereally two
loops:

— one loop which generates additional function
call (smulated by pushing the parameter on the
stack)

— another loop where we return from recursive

calls (smulated by popping the parameter off
the stack).




si nf act without got os
sinfact(int n)

stack s;
short und;

long v;
i nt X;

X = n;

/1 This is the beginning of the sinulated

I/ factorial routine
start:
while (x !'= 0)
s. push(x--);
y =1

und=s. popandt est (Xx) ;

| abel 1:
while (und == fal se) {
y *= X
und = s. popandtest(x);
}
return(y);




Finaly...after eliminating the
unnecessary pushes and pops...
sinfact(int n)

long vy;
int Xx;

= 1; X <= n; X++)

return(y);




