
Playing Twenty Questions with a Procrastinator�

Andris Ambainisy Stephen A. Blochz David L. Schweizerx

October 26, 1998

Abstract

We study the classic binary search problem, with a delay

between query and answer. For all constant delays,

we give upper and lower bounds, matching up to an

additive constant.

1 Introduction

Recently one of us (S. Bloch) found himself talking with

a colleague about how to match homework assignments

to the intellectual level of an unknown group of students.

An obvious algorithm appeared to be binary search:

give a homework assignment, then adjust the next

assignment up or down in di�culty depending on the

students' performance on this assignment.

However, the course in question was a seminar that

met once a week. One homework problem was assigned

each week, due in class the following week. As a result,

there was no chance to grade the students' performance

on assignment m until after giving assignment m + 1.

In other words, each query must be chosen before

the previous one is answered. The problem obviously

generalizes to any �xed delay d 2 N. Trivially, this

form of search is at most a factor of d + 1 slower than

the usual form (d = 0): simply ask the same query d+1

times in a row, ignoring all but the �rst answer. (This is

roughly equivalent to giving homework only every d+1

weeks, which the students would no doubt prefer.) The

question remained: is this slowdown of d + 1 optimal?

We show that the optimal slowdown is in fact log
'd

2,

where 'd is the positive real root of x
d+1 = x

d+1. But

�rst, a formal de�nition of our problem.

Definition 1. The discrete-real1 search problem with

delay d and size n
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1We can also consider the same problem for functions de�ned

on reals instead of integers. It is handled similarly in the full

version of our paper.

Instance: a function f : Z ! R, a domain

[a; b] (where b = a + n � 1) on which f is presumed

nondecreasing, and a real y0 such that f(a) < y0 < f(b).

Output: either an integer c 2 [a; b] such that

f(c) = y0, or a pair of adjacent integers c; c+ 1 2 [a; b]

such that f(c) < y0 < f(c+ 1).

Allowed operations:2 the i-th query consists of

an integer xi, and is answered by one of f(xi) < y0,

f(xi) = y0, or f(xi) > y0. For all i, the answer to query

i is available before the algorithm chooses the value of

xi+d+1.

As our title suggests, this problem is related to

Ulam's famous question [Ula76] about �nding a num-

ber between one and one million by asking questions of

an opponent who may lie once or twice. Various special-

izations and generalizations of this problem have been

studied (e.g., [Pel87, Pel89, Guz90, DGW92, Aig96]).

None of this work has examined delayed answers.

The problem also appears to be related to the prob-

lem of �nding the maximum of a unimodal function.

The �rst solutions [Kie53, OW64, AW66a], in which Fi-

bonacci searching was developed, were extended to par-

allel searching [AW66a, KM68] and to searching with a

delay [BW69]. More recently, this work has been ex-

tended to di�erent searching rules [GR93] and gener-

alized to k-modal function optimization [MR96]. Al-

though the two problems are related, they are not (see

below) isomorphic.

Definition 2. The discrete-real unimodal optimization

problem with delay d and size n

Instance: a function f : Z ! R, and a domain

[a; b] where b = a + n � 1 on which f is presumed

unimodal ( i.e. for some c 2 [a; b], f is increasing on

[a; c) and decreasing on (c; b]).

Output: an integer c 2 [a; b] such that for all

integers d 2 [a; b], f(c) � f(d).

2Lance Fortnow points out that if arbitrary subset queries are

allowed, the problem becomes uninteresting: the algorithm can

simply query each bit of the answer, and since these queries are

nonadaptive anyway, the delay makes little di�erence and the

optimal algorithm takes exactly dlog
2
(n)e queries.



Allowed operations: the i-th query consists of

an integer xi, and is answered with the value of f(xi).

For all i, the answer to query i is available before the

algorithm chooses the value of xi+d+1.

The unimodal optimization problem with delays

d = 1; 2; 3 was studied by Beamer and Wilde[BW69]

and Li[Li84]. Using a complicated case-by-case analysis,

they show that log
 d
n+o(log

 d
n) queries are necessary

and su�cient, where  0 = (
p
5 � 1)=2 = 1:618:::,

 1 =
p
2 = 1:4145:::,  2 � 1:325, and  3 � 1:2786.

The monotone search problem reduces easily to the

unimodal search problem (simply minimize the function

f(x)2). However, the converse does not hold, and it is

easy to see that unimodal optimization requires more

queries than search in the delay-0 case. Our results

together with [BW69, Li84] imply that the same is true

for search with delay greater than 0.

Our delay-d algorithm searches interval [1; n] with

log'dn + O(1) queries where 'd is the positive root of

x
d+1 = x

d + 1. In particular, this gives '1 � 1:618:::

(compared to  1 =
p
2 � 1:415::: for the unimodal

problem) and '2 � 1:466::: (compared to  2 � 1:325:::).

Our algorithm works for any delay d and we prove it

optimal.

2 The main theorem

Definition 3. Let Ad(t) denote the largest natural

number such that the discrete monotone search problem

with delay d on [1; Ad(t)] can be solved with t queries.

Definition 4. Let

Bd(t) =

�
0 �d � t � 0

Bd(t� 1) +Bd(t� d� 1) + 1 0 < t

Theorem 2.1. For all d � 0 and t � 0, Ad(t) = Bd(t).

Proof. Due to space constraints, we only give the proof

for the upper bound.

We construct the algorithm inductively. If t � d,

then Bd(t) = t and we can just ask for the values of f

at all integer points 1; 2; : : : ; Bd(t).

If t > d, we ask the �rst d + 1 queries at points

Bd(t� 1)+1, Bd(t� 2)+1, : : :, Bd(t� d� 1)+1. After

receiving the answer f(Bd(t� 1) + 1):

1. If f(Bd(t � 1)) � y0, then the root of f(x0) = y0

is in the interval [Bd(t� 1); Bd(t)]. The size of this

interval is Bd(t) � Bd(t � 1) � 1 = Bd(t � d � 1)

and we can apply the algorithm for searching with

t� d� 1 queries on it.

2. If f(Bd(t � 1) + 1) > y0, then the root is in

[1; Bd(t � 1)]. We ask the d + 2nd query at the

point Bd(t � d � 2) + 1. Now, we are in a similar

situation as we were before: we have the interval

[1; Bd(t� 1)], t� 1 queries and we have asked d+1

of them at the points Bd(t� 2) + 1, Bd(t� 3) + 1,

: : :, Bd(t� d� 2) + 1. We continue similarly.

The optimality is proved by generalizing Ad(t) and

Bd(t) to include all situations that can appear in the

search process, and using induction for the generalized

A and B.

Resolving the recurrence of De�nition 4, we get

Corollary 2.1. Let 'd be the positive real root of

x
d+1 = x

d+1. Then log
'd
n+O(1) queries are necessary

and su�cient for the monotone search problem of size

n with delay d.
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